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SUMMARY  
 
The  trapezoidal rule and Simpson’s rule are numerical approximation methods to be used to 
approximate the  area under a curve. The area is divided into (n) equal pieces, called a 
subinterval or trapezoid. Each subinterval is approximated as a trapezoid considering the outer 
edge as straight line in the trapezoidal rule. In Simpson’s rule, each two subintervals 
approximated as a trapezoid and a parabola. 
This paper provides two techniques as trails to improve the area calculated using Simpson’s 
rule and trapezoidal rule. The first proposed  technique deals with the curved part as a circular 
segment instead of parabola in Simpson’s rule. The second technique add or subtract  a small 
parabola to the calculated area when using trapezoidal rule. 
The proposed techniques were applied on several numerical examples of known area and the 
results were compared.   
 

  :ملخص

تعتبر طريقة سمبسون وطريقة أشباه المنحرفات من الطرق الحـسابية الـشهيرة المـستخدمة لتقـدير                
 قياسـات   المساحة تحت المنحنى في حالة عدم القدرة على تكامل معادلة المنحنى أو في حالة استخدام              

 ويتم تقدير المساحة بتقسيمها إلى أجزاء صغيرة وحساب مـساحة كـل             .عند نقط متفرقة على المنحنى    
 على أنهما شبه منحرف يعلوه قطـع مكـافئ ثـم            جزأينعلى حده على انه شبه منحرف أو كل          جزء

  .تجميع مساحات هذه الأجزاء معا للحصول على المساحة الكلية
 عبارة عن   جزأينالأولى باعتبار الحد الخارجي لكل      ، لحساب المساحات تين  وهذا البحث يعرض طريق   

والطريقة الثانيـة   ، قوس دائري وحساب مساحة الجزء الذي يعلو شبه المنحرف على انه قطعة دائرية            
 وإضافة أو طرح المساحة المحصورة بين الحـد الخـارجي والحـد             تباستخدام طريقة أشباه المنحرفا   

 . النتائجثم مقارنة ة حسابيةمثلأ  عدة علىتين المقترحتينوقد تم تطبيق الطريق العلوي لشبه المنحرف
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1. INTRODUCTION 
  
Computing the area of figures of irregular boundaries is an interested and important subject in 
surveying. These computations are encountered when surveying shores, ponds hills and 
irregular properties (Fouad 1983).  Numerical integration is used to compute the area because 
the data in such cases are discrete (Wellin J.). There are several methods that numerically 
approximate the area of such irregular figures. Two of these methods are well known, they are 
Trapezoidal rule and  Simpson’s rule.  
Using both methods to approximate the area under a curve first involves dividing the area into 
a number (n) of subintervals of equal width (b) and then measuring the offsets (h) to the 
curved boundary as shown in figure (1). Trapezoidal rule which represented by equation (1) 
approximating the area of each subinterval by the area of the trapezium formed when the 
upper end is replaced by a chord. Simpson’s rule shown in equation (2) works by 
approximating irregular border by the quadratic polynomial (parabola) which takes the same 
values of the offsets at three points (two subintervals) (e.g. h0, h1 and h2 in figure (1)).  
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Where (n) is the number of subintervals – (should be even for Simpson’s rule). 
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Figure (1): Offsets and subintervals 
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Fouad 1983 proposed a fifth degree polynomial equation used to compute the area of the 
middle interval of a section of five intervals. He generated a complicated equation for 
computing the area. He also proposed a third degree polynomial to be used for sections 
consisting of three intervals. The area under the curved boundary can be computed according 
to the third degree polynomial using the following equation:   
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Where n is the number od subintervals ( minimum of 3)  
a1 = 9, a2 = 28, a3 = 23 , P3 = 1 and Pi = 0 ( where i ≥ 4)  
 
Maling 1989 gave a detailed values for the equation parameters according to the number of 
intervals used in the calculation. 
Elezovic and Pecaric 1998 and Cruz-Uribe and Neugebauer, 2002 and Ujevic 2004 studied 
the error in trapezoidal and Simpson’s rule from  a pure mathematical point of view.  
This paper is an attempt  to improve the area calculated using trapezoidal rule and 
invistigating the accuracy of calculating the area considering the outer borders of each two 
subintervals as a circular curve. 
 
 
2. PROPOSED TECHNIQUES 
 
2.1 The first technique 

 
The first proposed  technique deals with the upper part as a circular segment instead of 
parabola in Simpson’s rule as shown in figure (2). 
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Figure (2): The circular segment 
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The radius (R )of the circular curve can be computed after (Khalil 2003) as: 
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Where  R: curve radius 
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∆h = h2 – h0      (9) 
 
The central angle (I ) for this segment can be computed after (Khalil 2003) as: 
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The area of the circular segment can be computed as: 
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The area under the curve for each two intervals is computed as: 
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The total area for (n) even intervals is computed as: 
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2.2 The second technique 
 
The second technique add or subtract a small parabola to the calculated area using trapezoidal 
rule as shown in figure (3). 
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Figure (3): The added parabola to the trapezoid 
 
 
The area of the parabola is computed as: 
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The area under the curve for the first interval is computed as: 
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The area of the parabola may be add or subtract according to the following criteria;  
The area of the parabola will be add if h1 is greater than the mean value of h0 and h2 (i.e. M1 is 
positive), the area of the parabola will be subtracted if M1 is negative. If the last offset was 
zero, the sign of the area of the parabola taken as the preceding interval. M1 is computed 
using equation (6). 
 
The total area for (n) intervals is computed as: 
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3. APPLICATION 
 
The procedure to test the proposed techniques is to calculate the actual area under a certain 
function and compare it with the area estimated by different methods using the calculated 
offsets. The examples of Fouad (1983) were used to illustrate the efficiency of the proposed 
techniques. An excel sheet was prepared to calculate the area using different methods. 
In the first example the actual area of half circle of radius 5, shown in figure (4) is calculated. 
Then it was divided into 10 intervals with equal spacing and the corresponding offsets were 
calculated. Five methods were applied to calculate the area by numerical integration, they are 
the first proposed technique, the second proposed technique, Simpson’s rule, trapezoidal 
method and Fouad method. The error in the calculated area (difference from the actual area) 
and the percentage of this error ( error/actual area) were calculated and the results are shown 
in table (1). Comparing the errors of the proposed techniques with those of the other methods 
it is clear that the proposed techniques give better. 
 

3

4

4.
58

25
76

4.
89

89
79

5

4.
89

89
79

4.
58

25
76

4

3

0 1 2 3 4 5 6 7 8 9 10
 

 
Figure (4): First numerical example 

 
 
Table (1) The results of the 1st  numerical example 
 

Method 
(1) 

Area 
(2) 

Error 
(3) 

Error Percentage  
 (4) 

Actual (Aa) 39.2699     
1st technique (Ar) 38.7745 -0.495 1.26 
2nd technique (Ak) 39.6298 0.360 0.92 
Simpson (As) 38.7522 -0.518 1.32 
Trapezoidal (At) 37.9631 -1.307 3.33 
Fouad (Af) 38.6298 -0.640 1.63 
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In the second example the sin function was chosen since it resembles the configuration of 
natural curvilinears as mentioned by Fouad (1983), and it has points of curvature inflections. 
The area under the sin curve is calculated after shifting the x-axis downward by two units. The 
offsets at maximum and minimum were then calculated and the area under the curve from X = 
0.5 π to X = 16.5 π was calculated as shown in figure (5). 
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Figure (5): Second numerical example 
 
The results shown in table (2) represent the area that calculated using only the offsets at the 
maximum and minimum points. The second proposed technique gave area exact as the actual, 
it reduces the error of  about 17% than Simpson’s rule. The first proposed technique gave an 
error of about 22%, this may be because of ignoring the inflection points. Trapezoidal method 
gave the exact area because the upper cord pass through the inflection point so it add and 
subtract the same amount of area from the actual area of each segment. 
 
 
Table (2) The results of the 2nd  numerical example (interval width = π) 
 

Method 
(1) 

Area 
(2) 

Error 
(3) 

Error Percentage  
 (4) 

Actual (Aa) 100.53096     
1st technique (Ar) 78.62180 -21.909 21.79 
2nd technique (Ak) 100.53096 0.000 0.00 
Simpson (As) 83.77580 -16.755 16.67 
Trapezoidal (At) 100.53096 0.000 0.00 
Fouad (Af) 98.43657 -2.094 2.08 

 
 
The offsets at the points of inflection were calculated and the area under the curve was 
calculated once again using an interval width of 0.5 π. In this case the two proposed  



TS 4F – Engineering Applications  
Ragab Khalil 
TS 27 Investigate the Efficiency of Proposed Techniques To Improve Area Calculation Using Simpson And 
Trapezoidal Rules 
 
Strategic Integration of Surveying Services 
FIG Working Week 2007 
Hong Kong SAR, China, 13-17 May 2007 

8/11

1.5

2

2.5

3

3.5

4

4.5

0 5 10 15 20 25 30 35 40 45 50 55 60
                

1.5

2

2.5

3

3.5

4

0 5 10 15 20 25 30 35 40 45 50 55 60 
 

(a)                                                                             (b) 
 

1.5

2

2.5

3

3.5

4

4.5

0 5 10 15 20 25 30 35 40 45 50 55 60
                    

1.5

2

2.5

3

3.5

4

4.5

0 5 10 15 20 25 30 35 40 45 50 55 60
      

 
 

(c)                                                                             (d) 
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Figure (6) Third numerical example 
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techniques gave the exact area as the actual. So, the offsets at the points of inflection should 
be measured and used when calculating the area under irregular boundary specially if the first 
proposed technique was used. 
 
The proposed thechniques were applied on several random examples shown in figure (6). The 
percentage of errors are shown in table (3). From which it is clear that the first proposed 
technique is as accurate as simpson’s rule and the second proposed technique is as accurate as 
trapizoidal method. 
 
 
Table (3) Percentage of error in area computations of third example 
 

Method 
(1) 

a 
(2) 

b 
(3) 

c 
(4) 

d 
(5) 

e 
(6) 

f 
(7) 

Average 

1st technique (Ar) 2.07 0.76 0.08 1.89 0.32 1.21 1.06 
2nd technique (Ak) 0.93 0.76 0.92 0.94 0.06 0.02 0.60 
Simpson (As) 2.05 0.76 0.13 1.83 0.32 1.19 1.04 
Trapezoidal (At) 0.65 0.46 0.91 0.28 0.33 0.29 0.48 
Fouad (Af) 1.01 0.17 0.46 0.63 0.12 0.51 0.48 

 
 
 
4. CONCLUSIONS 
 
 This paper presents two proposed techniques to calculate the area under 
irregular curved boundary. The proposed techniques were applied on a numerical examples of 
Fouad 1983 and on several random examples. The results showed that the first proposed 
technique is as accurate as simpson’s rule and the second proposed technique is as accurate as 
trapizoidal method. Fouad’s method gave the accurate results. The proposed techniques nither 
improve the claculated area nor simplify the calculations.  
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